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Abstract
Let T be an operator and suppose that there exists a positive
constant C such that(∫
I
|Tf(x)|q dx
)1/q
≤ C
(∫
I
|f(x)|q dx
)1/q
for every q which is near enough to 1 and for every interval I in R and
f ∈ L∞(R). Then we show that T maps uL∞ to BMOu.
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Introduction.
We say that a non-negative function w ∈ L1loc(R) is an Ap weight for some
1 < p <∞ if
sup
I
[
1
|I|
∫
I
w(x) dx
] [
1
|I|
∫
I
[w(x)]−1/(p−1) dx
]p−1
≤ C <∞
The supremum is taken over all intervals I ⊂ Rn; |I| denotes the measure of
I.
w is an A∞ weight if given an interval I there exists δ > 0 and  > 0 such
that for any measurable set E ⊂ I,
|E| < δ · |I| =⇒ w(E) < (1− ) · w(I).
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Here
w(E) =
∫
E
w(x) dx.
w ∈ A1 if
I(w) =
1
|I|
∫
I
w(x) dx ≤ C ess infI w
for all intervals I.
It is well known and can easily be seen that w ∈ A∞ implies w ∈ Ap if
1 < p <∞.
Before presenting our main result let us first mention some of the well known
properties of the functions in Ap.
Lemma 1 (Reverse Ho¨lder Inequality). Let w satisfy Ap, where 1 ≤ p <∞.
Then the inequality(
1
|I|
∫
I
(w(x))1+δ dx
) 1
1+δ
≤ C
(
1
|I|
∫
I
w(x) dx
)
holds for all intervals I ⊂ R, with constants C, δ > 0 independent of I.
Proof. This lemma is a part of the Corollary 2.13 in J. Garcia-Cuerva and
J. L. Rubio de Francia [1] on page 403.
Note also that it is well known and easy to see that Ap ⊂ Ar for p < r.
Let |I| denote the Lebesgue measure of the interval I and let
I(f) =
1
|I|
∫
I
f.
We say that f ∈ BMOu if
1
|I|
∫
I
|f − I(f)| ≤ CI(u)
for all intervals I in R.
The sharp maximal function is defined as
f ](x) = sup
{
1
|I|
∫
I
|f − I(f)| : x ∈ I, I an interval
}
.
If 1 < p <∞, then
‖f ]‖p ≈ ‖f‖p,
2
provided ‖f‖p is finite.
Let T be an operator. We say that T : uL∞ → BMOu provided
1
|I|
∫
I
|T (fu)− I(Tfu)| ≤ CI(u)‖f‖∞,
with C independent of I, and we say that T : Lp(u)→ Lp(u) if
‖Tf‖Lp(u) ≤ C‖f‖Lp(u).
The Result.
We can now state and prove our main result:
Theorem 1. Let T be an operator and suppose that there exists a positive
constant C such that(∫
I
|Tf(x)|q dx
)1/q
≤ C
(∫
I
|f(x)|q dx
)1/q
for every q which is near enough to 1 and for every interval I in R and
f ∈ L∞(R). Then we show that T maps uL∞ to BMOu.
Proof. For this let u ∈ A1 and f ∈ L∞. We need to show that given an
interval I in R
1
|I|
∫
I
|T (fu)− I(Tfu)| ≤ CI(u)‖f‖∞,
with a positive constant C independent of I.
Let q > 1 be near enough to 1 so that reverse Ho¨lder inequality holds for u
3
with exponent q. Then we have
1
|I|
∫
I
|T (fu)− I(Tfu)| ≤ 1|I|
∫
I
|T (fu)|+ 1|I|
∫
I
|I(Tfu)|
≤ 1|I|
∫
I
|T (fu)|+ 1|I|
∫
I
|(Tfu)|
=
2
|I|
∫
I
|T (fu)|
≤ 2
(
1
|I|
∫
I
|T (fu)|q
)1/q
≤ 2C
(
1
|I|
∫
I
|f |quq
)1/q
(by the hypothesis)
≤ 2C‖f‖∞
(
1
|I|
∫
I
uq
)1/q
≤ C1‖f‖∞ 1|I|
∫
I
u (by reverse Ho¨lder inequality)
= C1‖f‖∞I(u),
where C1 is a positive constant independent of I. This shows that T maps
uL∞ to BMOu.
An Application.
Let us consider the Hilbert transform on R defined by
Hf(x) = p.v.
∫
f(y)
x− y dy.
The fact that H maps Lp to Lp for every 1 < p <∞ is well known in analysis.
In order to see that strong Lp inequality is satisfied locally, given an interval
I in R it is enough to replace f with fχI since H is a linear operator we have
H(0) = H(0 + 0)
= H(0) +H(0)
and subtracting H(0) from both sides shows that H(0) = 0.
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